Introduction
In some biological problems, a parasite-host system is immersed in a toxic solution in order to kill off the parasite while leaving the host as little affected as possible. A problem of this type was considered by Clements and Edelstein (2) , who treated both the host and the parasite as cylindrical in shape. In a separate paper Clements (1) considered the corresponding problem where the parasite is spherical and the host cylindrical. In both cases, the concentration of the toxic solution at the boundary is taken as having a constant value, c, and the penetration of the poison into the host and parasite is treated as a linear diffusion problem with an appropriate diffusion coefficient. It is assumed also that the host and the parasite are free of the toxic substance initially. The process is terminated when the average concentration in the parasite reaches a lethal level, T, and the problem is to see how M, the average concentration in the host, is affected by the choice of c (for a given value of T).
The effect of the size of the organisms and of their diffusion coefficients can be concentrated into a single parameter, p, and Clements and Edelstein obtained a number of results for the way in which M varies with c, for different values of p. For the cylinder-sphere comparison, Clements obtained some simular results and made a general conjecture about the way in which M varies. The present paper extends these results, particularly in the case where c is large compared with T, and shows that Clements' conjecture has to be modified. Section 2 gives the basic equations for diffusion into a cylindrical organism and for the cylinder-cylinder comparison. It is convenient to write M in terms of p and a time-like variable, t, with t -> 0 as C/T -> °°. A Laplace transform approach is used to obtain M as a power series in t 1/2 , for t small (Section 3) and the way in which M varies with p and t is discussed in detail in Section 4. In Section 5, similar results to those in Sections 2 and 3 are obtained for diffusion into a spherical organism and in Sections 6 to 8 detailed results are developed for the cylinder-sphere comparison, i.e. where the host organism is cylindrical and the parasite spherical. In Section 9, a brief statement is made of the results for the case where the host organism is spherical and the parasite is cylindrical.
Diffusion into cylindrical organism
For an infinitely long cylinder of radius a, the concentration of the toxic material, C(r, t) at distance r from the axis of the cylinder and for time t > 0 is taken as satisfying The constants A p are the positive zeros of the Bessel function J 0 (x), with 0 < A t < A 2 < A 3 < . . . . The function G t (f t ) can be thought of as a standardised solution of the problem, valid for the special case where a = 1, fc = 1, and c = 1. The ratio tjt = k/a 2 is the time scale factor required to relate the given problem to the standardised solution.
(The notation here is not exactly the same as in the paper by Clements and Edelstein but it is useful later to have G^fj) in this standardised form.) From the physics of the problem, Gi must be a monotonic increasing function of t u with G^O) = 0 and G 1 -»• 1 as t x -*• oo. If we write Gi(fi) = H-^t-i), then H^) is the average rate at which the toxic substance is crossing the boundary into the organism (in the standardised problem), since it is this diffusion across the boundary which produces the increase in G t . As the diffusion rate is proportional to the radial gradient of the concentration, we can expect H l to be unbounded initially because of the discontinuity in the concentration at the boundary of the cylinder. From equation (2.5 (2.11)
The value of T 2 depends on the choice of c, in the sense that the larger c becomes the less time is required to raise Cj to the level T. AS C -*•«, T 2 must tend to zero and as C -^T from above, T 2 will tend to infinity. Clements and Edelstein treat M as a function of c, with p as a parameter, but for the detailed discussion below it was found easier to work with M in terms of T 2 . Since dT 2 /dc is negative, it is easy to change results concerning the sign of dMldT 2 to results in terms of the sign of dM/dc.
To simplify the notation, we can replace T 2 by t in equation (2.10) and write
With this notation, the main results obtained by Clements and Edelstein are (3.4) where I n (z) is the modified Bessel function of order n. (The zeros of I 0 (z) lie on the imaginary axis at ±ikp and the essential restriction on z in equation (3.4) is that z does not coincide with one of these zeros.) If we think of s as real and positive in equation Thus for s large,
and correspondingly we can expect the behaviour of Hi(t) for small ( to be given by Integrating this expression from zero to f gives a corresponding approximation to G t (f) for t small, i.e.
•Gf(t) = 4{V(r/7r)}-£ A numerical check gave the values in Table 1 for Gi(t), G*(t), H^t), H*(t) and for two related functions K(t) and K*(t) which are required in Section 4. (In fact,
and K*(t) is the corresponding approximation tHf(f)/G?(f)
.) It will be seen that the power series approximations give 4-figure accuracy up to about t = 0.08 and are beginning to diverge at t = 0.1.
If we write G*(t) in the form
where u=Jt and the coefficients d, are all positive, then an expansion in series as far as u 4 terms gives In particular, we shall want to use this result in cases where with a, > ft ^ 0.
Additional results for cylinder-cylinder comparison
If we replace M(f) by M t (p, t) in equation (2.12), to show the dependence on p, then it is easy to check that 0 = T 2 .
(4.1)
For p > 1, we have 0<p 1 <l, where p t = l/p, so if M^p, t) decreases with t for t > 0, then Miipx, T) increases with T for T = pt>0. From this, if we can show that M ' < 0 for t > 0 and p > 1, then it follows that M' > 0 for f > 0 and 0 < p < 1. Thus it is enough to discuss the case where p > 1. By a similar argument, we can reduce the range of p that need be considered to an interval 1 < p ^ p 0 . For a larger value of p, say p = p 2 , we can write p 2 = ps, where l < p 3^p 0 and N is an integer greater than 1. Then where T r = p$'~r~1f. If M^p^i) is monotonic decreasing for f>0, then each factor Mj(p 3 , T r ) is monotonic decreasing for t >0 and consequently M % (p 2 , t) is monotonic decreasing. Because of this, we need not worry about the possibility that pt is large even although t is small; by taking p o = 1.05, say, we can ensure that pt and t are both small when t is small.
From equation (2.12), Table 1 .
If we accept that these results for K*(t) give the behaviour of K(t) satisfactorily for 0<fg0.08 and that K'(t)<0 for tSt o = l/Af = 0.173, we still have a gap between t = 0.08 and t = 0.173. One way of bridging the gap is to note (from equation (4.6)) that the sign of K'(t) is the same as that of L(t), where Hence if Y(r x , ( 2 )<0, then L(r)<0 for I 2 = ' = 'i and consequently K'(t)<0 over this interval. This provides a straightforward way of extending the range of validity, at the expense of some trial-and-error arithmetic in choosing suitable values for t, and t 2 . Once it has been established that K'(t)<0 for t >0, it follows that M'(f)<0 for p > 1 and M'(f)>0 for 0 < p < l . (For p = l, M(t) = r and M*(f) = 0.)
Diffusion into spherical organism
For a spherical organism of radius b and diffusion coefficient q, we can take the concentration of the toxic material at time t and distance r from the centre as C 2 (r, t), where as the corresponding approximation to G 2 (0-Similarly, we can use Kf(f) = tH%{t)/G*(t) as an approximation to
(5.12) Table 3 shows numerical values for G 2 (f), G*(t), H 2 case, the power series approximations give 4-figure accuracy up to about t = 0.10 and are beginning to diverge at t = 0.12. Comparing Table 3 
(t), Hf (t), K 2 (t) and Kf (t). In this
it is evident that K% -* (1/2) as t -*• 0 and also that K? decreases monotonically with t for 0 < t^0 . 1 2 . Also, the same argument as for K(t) gives K 2 (t)<0 for t g
Combining the results in the same way as for K(t) leads to the conclusion that K 2 (t) is monotonic decreasing for t > 0 . Once this has been established the results for a sphere-sphere comparison, where the parasite and host are both taken as spherical, would go through in the same way as for the cylinder-cylinder comparison, with p = 1 as the critical value for p.
Cylinder-sphere comparison: preliminary discussion
Following Clements (2), we take the host organism as cylindrical. For radius a and diffusion coefficient k, the average concentration at time t is given by equations (2. This form for Mf confirms that M -> ( 2 T / 3 ) V P as f-*0 but it also shows that the approach to the limiting value is from below for a ^2 , i.e. for p § 4 , and from above for p < 4 . Thus the conjecture that M ' < 0 for p > l for all values of t has to be abandoned, since we have M ' > 0 for small values of t when K p < 4 . Indeed, this conjecture is not consistent with the limiting values when p lies between 1 and 9/4. For these values of p the limiting value as f -» 0 is less than T and the limiting value as (-> oo is equal to T so M must increase at some stage as t goes from zero to infinity. The behaviour of M? as f -* 0 shows why p = 4 has to be considered as one of the critical values for p. The other critical value, p = p*, comes in from the behaviour of M as t -» oo but some preliminary results are needed before we discuss the critical values in detail. From equation (6.5), Note that for p = p* and p = 4 we can take t and pt as being of the same order of magnitude and, for example, we can use equations (6.7) and (6.9) when u is small. . This implies that for p > 1 and I S 1 the dominant terms in H^pt) and H 2 (0 are 4exp(-pA?r) and 6exp(-(x 2 t), respectively. Since 4 exp (-A-?) = 0.0123 and 6 exp (-fi\) = 3.1 x 10~4, the dominant terms are small compared with unity and we can take Gxipt) and G 2 (t) as approximately 1 in considering the expressions which occur in N(t). Thus we can take U = 4p exp (-pA 2 t) as the dominant term in pG 2 (t)H 1 (pt), with V = 6 exp (-/biff) as the dominant term in H 2 (t)G x (pi). If pA 2 >/x 2 , then as t increases U-V will eventually become negative and we can expect N(t) and M'(t) to become negative. This means that for p>p* we should have M ' < 0 for t sufficiently large. On the other hand, if pA?<p-i, U-V will be positive eventually and we should have M'>0 for t sufficiently large.
y M'{t) = TN(t)/{G 2 (t)} 2 = (llt)M(t){K(pt)-K 2 (t)},
For p>p*, we can make this argument more precise by comparing pH^pt) with H 2 (t) and G^pt) with G 2 (t). If we can show that for t ^ T* 0 < G 2 (t) < Gi(pO < 1 and 0 < pH^pt) <H 2 {t), then it follows that N(f)<0 for t^T* and hence M'{t)<0 for t^T*. A useful preliminary result is that IJL 1 /X. 1 > ytJX^ for n = 2, 3 , . . . . This follows from equation (3.3) and the properties of e(n) mentioned at that point, since Indeed, it can be checked that {iidX^} is a monotonic decreasing sequence, with limit 1 as n -» oo, although this result is not required in the discussion below. If we write v n = nJK, and Z^ =pA 2 l -/i 2 ., then we can use the inequality above to deduce that, for n = 2, 3, , Z n >Z 1 >0 for p>p*. Note that and X 1 >Y 1 for t>T t . From equation (7.5), it follows that X,,>Y P for f S T l , for p = 2 , 3 , . . . , and hence
In similar fashion, we can put Q p = 6 exp (-/XpO, i?p = 4p exp (-pA p f)> (7.8) and write
As before, this ratio increases with t and for p = 2,3, Since p>p*, T 2 > T X and the inequalities (7.7) and (7.12) are both valid for ( § T 2 . It follows that N(t) < 0 for t S T 2 and consequently M'(f)<0, for p > p * and t^r 2 . If we take the result for small f as valid up to f = 0.05, there is again a gap which can be bridged by the use of inequalities, as in Section 4. Since K and K 2 are both monotonic decreasing functions of t, if we consider an interval 0<t 1^t^t2 and let -X 2 (f 2 ), (7 2 and this implies that M ' < 0 throughout the interval (using equation (6.13)). Combining this with the earlier results, we get M ' < 0 for t > 0 when p = 4 and the argument near the end of Section 6 allows this result to be extended to p > 4 .
Cylinder-sphere comparison for p =
For p = p*, there is a break-down in the argument used in Section 7 when comparing with H 2 (f), since Z x = 0 for p = p* and hence QJR-i = 3/(2p*) < 1 for all t. For n S 2 , Zn is still positive and it can be shown that QJRn > 1 for t>T 3 , where T 3 = (1/Za)In(2p*/3) = 0.0103. For t = T 3 , Q 2 = R 2 and Q n >Rn for n>2. (The details follow in the same way as in Section 7.) Thus although equation ( where E = exp (--n 2 t). Since we are thinking of what happens when t is large, we can put a lower bound on t, say t s0.1, and we then have 0 < E g 0.373 < 1. We can write (8.14)
Numerically, the approximation gives agreement with the exact values of M to about 0 . 0 0 0 5 T at r = 0.07 and to 0 . 0 0 0 3 T at t = 0.06. Although the polynomial P(u) has negative coefficients for the u 3 , u 4 and u 5 terms, it is easy to show that P'(u) is positive and indeed monotonic increasing for 0^u S 0 . 2 5 , corresponding to OS t^0.0625. We can take this as evidence that M ' > 0 for small values of t, say for 0 < f^0 . 0 5 . Equations (7.16) and (7.17) were used to bridge the gap between t = 0.05 and t = 0.1. In this case, if we can show that 0<X(t 2 ,t 1 ), where 0 < f 1 S f S t 2 and X(t 2 ,t 1 ) = K(p*t 2 )-K 2 (ti), then we can deduce that M'>0 for t^tSf 2 . In practice, it was more convenient to use X*(r 3 , r x ) = K(t 3 )-K 2 (h) as a criterion, with t 3 >p*t 2 . Because K is monotonic decreasing, K(t 3 )<K(p*t 2 ) and hence X*(t 3 , t l )<X(t 2 , fO, so K(t 3 ) > K 2 (ti) is a sufficient condition to ensure that M' > 0 for r x g f ^ t 2 . Table 4 shows the numerical values used for t t , t 2 and f 3 and the corresponding values of K 2 (t t ) and K(t 3 ). Combining these results gives M > 0 for 0.03Sf SO. 12, which bridges the gap successfully.
This completes the discussion of the case p = p*. Since M ' > 0 for r > 0 when p = p*, it follows that M > 0 for t>0 when 0 < p < p * also. 
Sphere-cylinder comparison
If the host organism is taken as spherical and the parasite as cylindrical, then corresponding results are readily obtainable. We can take the host organism as a sphere of radius b and diffusion coefficient q, as before. Then from Section 5, (ii) M 3 >0 for u>0 (or T 4 >0) when pg4, i.e. when 0< P l =il/4; (9.7) (iii) M 3 <0 for v>0 when 0<p^p*, i.e. when (9.8)
